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Abstract
The magnetoelectronic properties of quasi-one-dimensional zigzag graphene
nanoribbons are investigated by using the Peierls tight-binding model. Quasi-
Landau levels (QLLs), dispersionless Landau subbands within a certain re-
gion of k-space, are resulted from the competition between magnetic and
quantum confinement effects. In bilayer system, the interlayer interactions
lead to two groups of QLLs, one occurring at the Fermi level and the other
one occurring at higher energies. Transverse electric fields are able to distort
energy spectrum, tilt two groups of QLLs and cause semiconductor-metal
transition. From the perspective of wave functions, the distribution of elec-
trons is explored, and the evolution of Landau states under the influence of
electric fields is clearly discussed. More interestingly, the band mixing phe-
nomena exhibited in the energy spectrum are related to the state mixing,
which can be apparently seen in the wave functions. The density of states,
which could be verified through surface inspections and optical experiments,
such as scanning tunneling spectroscopy and absorption spectroscopy, is pro-
vided at last.
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1. Introduction
Graphene, a truly two-dimensional system with carbon atoms arranged
in the honeycomb lattice, was first discovered in 2004 [1]. It has many unique
properties, such as linear energy spectrum at the Dirac point [2], fractional
Email addresses: hsienching.chung@gmail.com (Hsien-Ching Chung),
yangp@narlabs.org.tw (Po-Hua Yang), tsli@mail.ksu.edu.tw (To-Sing Li),
mflin@mail.ncku.edu.tw (Ming-Fa Lin)
Preprint submitted to arXiv.org November 6, 2018
ar
X
iv
:1
30
9.
28
15
v1
  [
co
nd
-m
at.
me
s-h
all
]  
5 S
ep
 20
13
quantum hall effect [3, 4], and Klein tunneling [5, 6]. The ambipolar and
high carrier mobility properties stimulated many imaginations in electronic
applications [7]. Graphene nanoribbons, as an alternative, are obtained from
cutting graphene along a specified direction. There are two main types of
nanoribbon, namely zigzag and armchair, according to the shape of the con-
fining edges. They present quite different electronic properties. The zigzag
ones belong to a gapless semiconductor, since the strongly localized edge
states are lying at the Fermi level (EF = 0). The armchair ones are semi-
conducting or gapless material depending on the ribbon width. Practically,
graphene nanoribbons are available from the chemical route [8] or the longi-
tudinal unzipping of carbon nanotubes [9], and their peculiarities have drawn
many interesting studies on electronic and magnetic properties [10–14], op-
tical properties [15, 16], electronic excitations [17], and transport proper-
ties [18, 19].
The low-energy energy spectrum of monolayer zigzag graphene nanorib-
bon consists of doubly degenerate partial flat bands and many parabolic
energy subbands [12]. The former, coming from the edge states, lie at the
Fermi level within the region 2pi/3 < kx ≤ pi. The latter are resulted from the
quantum confinement effects of the finite width of ribbon. The conduction
and valence parabolic subbands occurring from the Fermi level are symmetric
to each other about EF = 0. A perpendicular magnetic field would induce
Landau subbands in graphene [20] which brings the states with similar ener-
gies together. Due to the finite width of ribbon, the Landau subbands, being
dispersionless within a certain range of wavevector, are called “quasi-Landau
levels (QLLs).”
For bilayer graphene nanoribbons under the influence of magnetic fields,
there are two groups of Landau subbands and two pairs of doubly degenerate
partial flat bands resulting from interlayer interactions. The first group of
Landau subbands occurs from the Fermi energy, while the second group from
higher energies. The two pairs of flat subbands are lying on different energies.
In this work, a transverse electric field, which cause the electrons to expe-
rience a smoothly changed electric potential along the ribbon, is taken into
consideration. The electronic properties are drastically changed, such as dis-
tortion of Landau subbands, destruction of dispersionless feature, and split-
ting of the degenerate flat subbands. In addition, band mixing phenomena
appear and cause mixing of states. These phenomena are investigated and
realized by analyzing wave functions. The density of states (DOS), closely
related to the available channels in optical excitations and transport proper-
ties, could be measured through surface inspections and optical experiments,
such as scanning tunneling spectroscopy and absorption spectroscopy. They
are discussed in the last section.
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2. Theory
The illustration about an AB-stacked bilayer zigzag graphene nanoribbon
in external fields is shown in Fig. 1(a). The magnetic field B = (0, 0, B⊥) is
along the z-direction (perpendicular to the ribbon plane) and the transverse
electric field E = (0, E‖, 0) is along the y-direction. A detailed top-view
for the geometric structure is depicted in Fig. 1(b). The zigzag graphene
nanoribbons, which are the strip of carbon atoms arranged in a honeycomb
(hexagonal) lattice with zigzag edges, lie on the xy-plane. Atoms A and B,
denoted by circles (◦) and dots (•) respectively, are the nearest neighbors to
each other with a C–C bond length b = 1.42 A˚, and the distance between
ribbon layers is 3.35 A˚. The width of nanoribbon is W = (3Ny−1)b/2, where
Ny is the number of zigzag lines along the y-direction. The number in front
of A (B) denotes which layer the atom locates, and the subscript stands for
the m-th zigzag line where the atom locates. For example, 1A2 represents
the A atoms on the 2nd zigzag line of the 1st ribbon layer. The dashed-line
rectangle represents the primitive unit cell with a periodical length Ix =
√
3b,
and the first Brillouin zone is in the region |kx| ≤ pi. There are 4Ny carbon
atoms in a unit cell.
The tight-binding method is used to study the low-energy electronic prop-
erties in the presence of external electric and magnetic fields. In this work,
only the pi electrons are taken into consideration, and the hopping integrals
(atom-atom interactions) are described as follows [Fig. 1(c)]: γ0 is the in-
tralayer interaction between atoms A and B. γ1 (γ3) represents the inter-
layer interaction between two A (B) atoms. γ4 corresponds to the interlayer
interaction between atoms A and B. γ6 is the chemical-shift between A and
B. The values of γi’s in AB-stacked graphite are adopted in our calculation:
γ0 = 2.598 eV, γ1 = 0.364 eV, γ3 = 0.319 eV, γ4 = 0.177 eV, and γ6 = −0.026
eV [21].
The wave function is the linear superposition of the 4Ny tight-binding
functions.
|Ψ(kx)〉 =
Ny∑
m=1
[
1Am(kx)|am〉+ 1Bm(kx)|bm〉+ 2Am(kx)|am〉+ 2Bm(kx)|bm〉
]
,
(1)
where 1Am(kx) [1Bm(kx)] is site amplitude of atom A (B) on the m-th line
of the 1st layer at wavevector kx and 2Am(kx) [2Bm(kx)] for the 2nd layer.
|am〉 (|bm〉) is the Bloch tight-binding function of 2pz orbitals associated with
the periodic A (B) atoms.
The transverse uniform electric field E = E‖yˆ with a maximal field
strength of 0.2 mV/A˚ is taken into account. The geometric structure and
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the tight-binding parameters are little affected by the electric field with such
a strength. Thus, the effect of electric field can be treated as a perturbation
term U = −eE‖y (y is the y-component of atom’s position) added to the
on-site energy in the Hamiltonian.
When a perpendicular magnetic field B = B⊥zˆ is applied along the z-
direction, the Hamiltonian matrix elements can be given by multiplying the
zero field matrix elements with a phase factor, exp(i2piθll′) [22], where θll′ =
(1/φ0)
∫ Rl′
Rl
A(l) ·dl is the so-called Peierls phase, a line integral of the vector
potential A from the l-th to l′-th atom [Rl (Rl′) is the position vector of l-th
(l′-th) atom] in the unit of the magnetic flux quantum φ0 = h/e. The vector
potential is chosen as A = (−B⊥y, 0, 0) in Landau gauge, which preserves
the translation invariance along the x-axis.
The Hamiltonian matrix in external electric and magnetic fields built from
|Ψ〉 is a 4Ny × 4Ny Hermitian matrix, which can be viewed as a four-block
matrix
H =
[
(Hij)11 (Hij)12
(Hij)21 (Hij)22
]
4Ny× 4Ny
. (2)
Each block is a matrix containing 2Ny × 2Ny elements. The diagonal block
matrices are due to the intralayer interactions while the off-diagonal ones
are associated with the interlayer interactions. The upper triangular matrix
elements of H are expressed as
(Hij)11 =

γ6 + U1A(m) if j = i, i = 1, 3, 5, ..., 2Ny − 1,
U1B(m) if j = i, i = 2, 4, 6, ..., 2Ny,
2γ0 cos[
√
3bkx/2− ΦP1(m)] if j = i+ 1, i = 1, 3, 5, ..., 2Ny − 1,
γ0 if j = i+ 1, i = 2, 4, 6, ..., 2Ny − 2,
0 otherwise,
(3)
(Hij)22 =

γ6 + U2A(m) if j = i, i = 1, 3, 5, ..., 2Ny − 1,
U2B(m) if j = i, i = 2, 4, 6, ..., 2Ny,
2γ0 cos[
√
3bkx/2− ΦP2(m)] if j = i+ 1, i = 1, 3, 5, ..., 2Ny − 1,
γ0 if j = i+ 3, i = 1, 3, 5, ..., 2Ny − 3,
0 otherwise,
(4)
4
(Hij)12 =

γ1 if j = i, i = 1, 3, 5, ..., 2Ny − 1,
γ3 if j = i, i = 2, 4, 6, ..., 2Ny,
2γ3 cos[
√
3bkx/2− ΦP3(m)] if j = i+ 2, i = 2, 4, 6, ..., 2Ny − 2,
2γ4 cos[
√
3bkx/2− ΦP1(m)] if j = i− 1, i = 2, 4, 6, ..., 2Ny,
2γ4 cos[
√
3bkx/2− ΦP2(m)] if j = i+ 1, i = 1, 3, 5, ..., 2Ny − 1,
γ4 if j = i+ 3, i = 1, 3, 5, ..., 2Ny − 3,
γ4 if j = i+ 1, i = 2, 4, 6, ..., 2Ny − 2,
0 otherwise,
(5)
where
U1A(m) =− eFy(m− 1)(3b/2), (6a)
U1B(m) =− eFy[(m− 1)(3b/2) + b/2], (6b)
U2A(m) =− eFy(m− 1)(3b/2), (6c)
U2B(m) =− eFy[(m− 1)(3b/2)− b/2], (6d)
and
ΦP1(m) = pi
[
m− Ny + 1
2
]
Bz
φ0
3
√
3
2
b2, (7a)
ΦP2(m) = pi
[(
m− Ny + 1
2
)
− 1
3
]
Bz
φ0
3
√
3
2
b2, (7b)
ΦP3(m) = pi
[(
m− Ny + 1
2
)
+
1
3
]
Bz
φ0
3
√
3
2
b2, (7c)
and m (= 1, 2, ..., Ny) is the m-th zigzag line where the atom sits. The
factor −(Ny + 1)/2 keeps the band structure symmetric about kx = 0 for
an arbitrary magnetic flux. This indicates that the origin of the x-axis is
set at the center of nanoribbon. The dangling bonds on the edge sites are
assumed to be passivated by hydrogen atoms, which make no contribution
to the electronic states near the Fermi level. The state energy Ec,v(kx) and
wave functions are obtained by diagonalizing the Hamiltonian matrix, where
the superscript c (v) represents unoccupied pi∗ band (occupied pi band).
3. Results and discussions
The energy spectrum of bilayer zigzag graphene nanoribbon under the
influence of magnetic field is depicted in Fig. 2. Only the spectrum in positive
kx region is discussed due to the symmetry of the spectrum about the kx = 0
axis. There are two groups of conduction and valence QLLs and four flat
subbands. Unlike the monolayer graphene nanoribbon, the conduction and
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valence ones are not symmetric about the Fermi level. The first group of
QLLs occurs from EF = 0 and the dispersionless region spreads from kx =
2pi/3. For QLL with higher state energy |Ec,v|, the dispersionless region
gradually reduces and eventually disappears as the energy is sufficiently large.
These behaviors result from the competition between the confinements of
magnetic field and finite width of nanoribbon. The second group, occurring
from Ec,v = 0.36 and −0.4 eV, has a similar behavior as the first group.
As the state energy increases, the width of QLL gradually shrinks, and then
disappears. On the other hand, near the Fermi energy, there are four flat
subbands, which are twice that revealed in the monolayer zigzag garphene
nanoribbon [12]. According to the wave functions (will be discussed latter)
at kx = 2pi/3, Landau states and localized states are mixed in the four
flat subbands. It is obvious that interlayer interactions lead to two groups
of QLLs occurring from different energies, the symmetry destruction of the
unoccupied and occupied QLLs about EF = 0, doubling the number of flat
subbands, and the splitting of flat subbands with a splitting energy ∆UI =
0.048 eV at kx = pi. Furthermore, the band mixing phenomena happen in
the overlapping region between two QLL groups [Fig. 2(b)], and an energy
gap Eg = 3.7 meV exists [Fig. 2(c)].
When a transverse electric field is applied, the electrons experience a
smoothly changed potential, and the energy spectrum is distorted as shown in
Fig. 3. The flat dispersionless QLLs are tilted, and the points of QLLs at kx =
2pi/3 are the pivots. Both groups of QLLs are oblique with the same angle,
and the linear shape of each QLL remains. Although the transverse electric
field causes a potential difference for electrons on different zigzag lines, the
confinement of magnetic field still holds. As the subbands tilt, the energy gap
shrinks to zero, and a semiconductor-metal transition happens. The energy
spacings of flat subbands are shown in Fig. 3 with ∆U = ∆UE‖ +∆UI , where
∆U is the total energy spacing and ∆UE‖ = |eE‖W | is the effective energy
spacing due to the transverse electric field. It should be noted that two of
the flat subbands tilt and behave like QLLs, and the other two only have
an energy shift. Moreover, the band mixing remains in the overlap region
[Fig. 3(b)], and causes many band edge states, which are corresponding to the
peaks in DOS. For monolayer graphene nanoribbons, the band structures are
anti-symmetric at the origin [(Ec,v, kx) = (0, 0)], while for bilayer graphene
nanoribbons, this anti-symmetry property no longer exists [see Fig. 3(c)],
which indicates more peak appearances in DOS.
Wave functions give more information on the electronic states and a dif-
ferent perspective on the system, such as state mixing, variation of localized
and Landau states, as well as distribution of electrons. They are discussed
as follows. The wave functions of the first and the second groups QLLs at
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kx = 2pi/3, where the Landau states lie at the ribbon center, are discussed
first. Next is the wave functions of flat subbands at kx = 2pi/3, and the last
part focuses on the wave functions of a specific QLL at various wavevectors.
It is convenient to analyze the wave functions by decomposing them as
|Ψ〉 =
∑
odd
[
1Ao|ao〉+ 1Bo|bo〉+ 2Ao|ao〉+ 2Bo|bo〉
]
+
∑
even
[
1Ae|ae〉+ 1Be|be〉+ 2Ae|ae〉+ 2Be|be〉
]
,
(8)
where 1Ao(e) [1Bo(e)] is the amplitude coefficients of atoms 1A (1B) on the odd
(even) zigzag line of the first layer while 2Ao(e) [2Bo(e)] belongs to the second
layer. Only 1Ao, 1Bo, 2Ao, and 2Bo are depicted because of 1Ao = −1Ae,
1Bo = −1Be, 2Ao = −2Ae, and 2Bo = −2Be when the ribbon is wide enough
(Ny is sufficiently large).
We first focus on the wave functions for the first group of QLLs at kx =
2pi/3, which will give us a basic view on the Landau wave functions. Due to
the magnetic confinement, the Landau wave functions have regular oscillation
patterns (or say nodal structure) at the center of nanoribbon [heavy dots in
Fig. 4]. On one hand, for a certain QLL, the nodes (zero points) in sublattice
1Ao and 2Ao are less than that in sublattice 1Bo by one, and the nodes in
sublattice 2Bo are less than that in sublattice 1Bo by two. For instance, there
are 2, 3, 2, and 1 nodes in the sublattices 1Ao, 1Bo, 2Ao, and 2Bo of n
c
1 = 3
subband, respectively [see Figs. 4(e)–4(h)]. On the other hand, the number
of nodes increases regularly as the state energy |Ec,v| of QLLs increases. For
example, there are 2, 3, and 4 nodes in the sublattices 1Bo of the 2nd, 3rd,
and 4th conduction QLLs, respectively [Fig. 4(j), Fig. 4(f), and Fig. 4(b)].
According to the observed regularities and the condition that most electrons
are distributed in the 1Bo sublattice, the numbers of nodes in sublattices 1Bo
are used to label the index number of the first group QLLs.
When an electric field is exerted, the Landau wave functions are distorted
and shifted. The wave functions of conduction subbands are shifted to the
left side of nanoribbon, which presents an electron-like behavior; while the
valence ones are shifted to the right side, which shows a hole-like behavior.
The shift distance is proportional to the state energy of QLLs [light dots
in Fig. 4(n), Fig. 4(r), and Fig. 4(v)]. The wave functions are distorted;
however, the nodal structure in each sublattice is not changed.
For the wave functions in the second group of QLLs, although the Landau
states remain having regular oscillation patterns, the features are somewhat
different. The wave functions for the second group of QLLs at kx = 2pi/3 are
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shown in Fig. 5. The regularities in the node number of each sublattice are
maintained except for the 2Bo sublattices of n
c,v = 0 subbands. According
to the regularities and the condition that most electrons are distributed in
the 1Ao sublattice, the index of the second group QLLs are labeled by the
number of nodes in sublattices 1Ao.
When an electric field is applied, the Landau wave functions are distorted
and shifted in a similar behavior to the first group QLLs. The wave func-
tions of conduction and valence subbands are shifted to the different side
of nanoribbon, and the shift distance is proportional to the state energy of
QLLs [light dots in Fig. 4(n), Fig. 4(r), and Fig. 4(v)]. Although the wave
functions are distorted, the nodal structure is not affected.
Regarding the energy spectra, we know that only two of the flat sub-
bands tilt in the presence of electric field, and the other two don’t. The wave
functions give evidence on this conditional change. In the absence of electric
field, the Landau states at the ribbon center coexist with the edge localized
states that are from the ribbon edge and identifiable by their exponential
decay form. The coexistence of two kinds of states happens in each sublat-
tice, which is different from the monolayer case. In monolayer system, the
coexistence remains; however, each kind of state occupies a different sublat-
tice [12]. In bilayer system, not only the number of flat subbands is doubled,
but also the states have a strong coexistence. The flat subbands have duality
properties on Landau and localized states [shown in Fig. 6].
When an electric field is exerted, the duality of flat subbands is broken.
Each flat subband contains only Landau states or localized states. Hence,
there is a simple explanation on the two behaviors of the flat subbands. The
subbands with Landau states will tilt as the electric field is applied, and the
subbands with localized states will stay flat. Furthermore, a band mixing
phenomenon occurs in the flat subbands. The states of nv1 = 7 Landau
subband mix with the states of flat subband, and the nodal structure is very
clear. As you can count, there are 6, 7, 6, and 5 nodes in Figs. 6(m)–6(p),
respectively.
In the absence of electric field, the location of Landau wave function in
the ribbon is associated with the corresponding wavevector. At kx = 2pi/3,
the Landau wave functions of the first group of QLLs are located at the
ribbon center [heavy dots in Figs. 7(i)–(l)]. As the wavevector deviates from
2pi/3 (kx = k2, k4, and k5 in Fig. 7), the wave functions move away from
the ribbon center with the shape of wave unchanged. In addition, when the
deviation of kx is slightly out of the dispersionless region of QLL, the Landau
states are distorted as shown in kx = k1.
As the effect of electric field comes into the system, the Landau wave
functions are slightly distorted and pushed to the left side of ribbon with a
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constant distance [light dots of kx = k3, k4, and k5 in Fig. 7], which indicates
that the positions of cyclotron orbitals are shifted with a constant distance
by the electric fields. For the wave functions whose wavevectors are too close
to the edge of QLL (for example, kx = k2), the cyclotron orbitals are pushed
outside the range of tilted QLLs, and the Landau states are broken.
For the second group of QLLs in the absence of electric fields, the wave
functions at different wavevectors are depicted with heavy dots in Fig. 8. As
the wavevector deviates from k3 = 2pi/3, the wave functions move away from
the ribbon center. This behavior is almost the same as the first group, except
for band mixing phenomena occurring at the two sides of QLL (kx = k1 and
k5), because many parabolic subbands cross the QLLs as shown in Fig. 2(b).
When the electric field is added, the Landau orbitals are shifted a constant
distance to the left side of ribbon (see the light dots of kx = k3 and k4 in
Fig. 8). In addition, the band mixing phenomena may appear (e.g. kx = k2)
or disappear (e.g. kx = k5), which is determined from that the tilted QLL
crosses the parabolic subbands or not [shown in Fig. 3(b)].
DOS directly reflects the main features of energy spectrum, which is given
by D(ω) =
∫
dkxδ[E
c,v(kx)−ω]. In the absence of electric fields, there are two
groups of delta-function-like peaks as depicted in Fig. 9(a). The first group
starts from frequency ω = 0, and the second group starts from ω = 0.36 and
−0.4 eV. The peak position and height are corresponding to the state energy
and width of QLLs, respectively. As the frequency increases, the peak height
of the first group decreases rapidly, and the one-side-divergent peaks, which
are associated to the parabolic subbands, gradually make their appearances.
At the same time, these peaks start to mix with the second peak group of
QLLs. It is marked in Fig. 9(b) that the highest peak are related to the flat
subbands near the Fermi level. The DOS is zero near the Fermi level, which
indicates a frequency gap Eg = 3.7 meV [Fig. 9(c)].
In the presence of electric fields, the two groups of delta-function-like
peaks are suppressed [Fig. 9(d)]. The delta-function-like peaks become one-
side-divergent peaks, since the dispersionless QLLs are tilted. The six highest
peaks are corresponding to the band-edge states of the four flat subbands
[shown in Fig. 9(e)]. The band mixing phenomenon and the breaking of
anti-symmetry in energy spectrum result in many one-side-divergent peaks
mixed together [Fig. 9(f)]. The features of DOS in this discussion could
be verified by the scanning tunneling spectroscopy [23, 24] and the optical
absorption spectroscopy [25, 26].
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4. Conclusions
The transverse electric fields cause the distortion of energy spectrum
and the semiconductor-metal transition. Two groups of dispersionless QLLs
are tilted, and four flat subbands are split with an effective energy spacing
∆UE‖ = |eE‖W |, which directly relates to the strength of electric field and
width of nanoribbon. From the perspective of wave functions, transverse
electric fields shift both groups of Landau wave functions with electron-like
motion in the conduction QLLs and hole-like motion in the valence QLLs.
The movements of wave functions in any specific QLL are the same, which
reflects the uniform strength of the electric field, except for those near the
ribbon edges. For the flat subbands, electric fields completely break the co-
existence of Landau and localized states, and this feature is directly reflected
on the energy spectra. Interestingly, more band mixing phenomena, which
cause state mixing, occur under the influence of electric fields. In the DOS,
the electric fields suppress all the symmetric peaks of QLLs and the remain-
ing high peaks are related to the flat subbands. These features in DOS can
be verified through surface inspections and optical experiments.
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Figure 1: (a) An AB-stacked bilayer zigzag graphene nanoribbon in external fields. The
two layers of graphene nanoribbon are rendered in different colors. (b) Geometric structure
of bilayer zigzag graphene nanoribbon. (c) The hopping integrals γ0, γ1, γ3, and γ4 are
indicated by the dashed-lines (γ6 representing the chemical shift is not included in the
figure). 15
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Figure 2: (a) Band structure of Ny = 400 bilayer zigzag graphene nanoribbon in magnetic
field B⊥ = 10 T. (b) Band mixing occurs in the overlapping region. The  marks from
left to right are related to kx = k3, k4, and k5. (c) Energy gap Eg = 3.7 meV.
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Figure 3: (a) Band structure of Ny = 400 bilayer zigzag graphene nanoribbon in magnetic
field B⊥ = 10 T and electric field E‖ = 0.2 mV/A˚. (b) Band mixing occurs in the
overlapping region. The  marks from left to right are related to kx = k1, k2, and k3. (c)
Low-energy energy spectrum in first Brillouin zone.
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Figure 4: Wave functions for nc,v1 = 1–3 QLLs at kx = 2pi/3 (◦ marks in Fig. 2 and
Fig. 3) in B⊥ = 10 T and different strengths of electric fields.
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Figure 5: Wave functions for nc2 = 1–3 and n
v
2 = 1, 2 QLLs at kx = 2pi/3 (◦ marks in
Fig. 2 and Fig. 3) in B⊥ = 10 T and different strengths of electric fields. In a certain
QLL, the number of nodes in sublattice 1Ao (2Ao) is less than that in sublattice 1Bo by
one, and the number of nodes in sublattice 2Bo is less than that in sublattice 1Bo by two.
The node numbers increase regularly as the state energy |Ec,v| of QLLs increases. The
2Bo sublattices of n
c,v = 0 subbands are exceptions.
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Figure 6: Wave functions for four flat subbands at kx = 2pi/3 (4 and  marks in Fig. 2
and Fig. 3) in B⊥ = 10 T and different strengths of electric fields. Each flat subband
contains Landau states in the ribbon center and localized states at the ribbon edges. The
two kinds of states may coexist in a sublattice in E‖ = 0, e.g., heavy dots in (d). After
the electric field applies, each subband possesses only one kind of state. The oscillations
in (m)–(p) are caused by band mixing with the states on nv1 = 7 Landau subband.
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Figure 7: Wave functions of nc1 = 2 subband at different kx in B⊥ = 10 T and different
strengths of electric fields. The wavevectors kx = k1–k5 correspond to the  marks on
nc1 = 2 QLL from left to right in Figs 2 and 3.
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Figure 8: Wave functions of nc2 = 2 subband at different kx in B⊥ = 10 T and different
strengths of electric fields. The wavevectors kx = k1–k5 are corresponding to the  remarks
on nc2 = 2 QLL from left to right in Figs 2 and 3. The ripples of the wave functions are
caused by band mixing with the parabolic subbands.
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Figure 9: DOS of Ny = 400 bilayer zigzag graphene nanoribbon in B⊥ = 10 T and
different strengths of electric fields.
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